ABSTRACT. We analyze the behavior of the holonomic rank in families of holonomic systems over complex algebraic varieties by providing homological criteria for rank-jumps in this general setting. Then we investigate rank-jump behavior for hypergeometric systems H A (β) arising from a d × n integer matrix A and a parameter β ∈ C d . To do so we introduce an Euler-Koszul functor for hypergeometric families over C d , whose homology generalizes the notion of a hypergeometric system, and we prove a homology isomorphism with our general homological construction above. We show that a parameter β ∈ C 
INTRODUCTION
In the late 1980s, Gelfand, Graev and Zelevinsky introduced a class of systems of linear partial differential equations closely related to toric varieties [GGZ87] . These systems, now called GKZ systems, or A-hypergeometric systems, are constructed from a d × n integer matrix A of rank d and a complex parameter vector β ∈ C d , and are denoted by H A (β). Although A-hypergeometric systems were originally introduced with a view toward representation theory, they are well suited to algebraic geometry in various applications. For example, solutions of A-hypergeometric systems appear as toric residues and as the generating functions for intersection numbers on moduli spaces of curves. In another instance, providing us with one such opportunity in the Summer of 2003. LFM and UW are especially grateful to Francisco Castro-Jiménez, Jose María Ucha, and María Isabel Hartillo Hermoso, who were our gracious hosts when we stayed in Sevilla for a week after that conference. All three authors also intersected at MSRI. We thank this institute for the friendly and stimulating research atmosphere it provides.
UPPER SEMI-CONTINUITY OF RANK IN HOLONOMIC FAMILIES
The results in the first part of this article (Sections 2 and 3) deal with general modules over the Weyl algebra, without restricting to the hypergeometric realm. In this section we define the notion of a holonomic family of D-modules, and show that the holonomic rank constitutes an upper semi-continuous function on such a family.
Throughout this article, ∂ = ∂ 1 , . . . , ∂ n refers to the partial derivation operators with respect to the variables x = x 1 , . . . , x n . Writing δ ij for the Kronecker delta, so that δ ij = 1 if i = j and δ ij = 0 otherwise, the Weyl algebra D is the quotient of the free associative Calgebra on {x i , ∂ i } n i=1 by the two-sided ideal x i x j −x j x i , ∂ i ∂ j −∂ j ∂ i , ∂ i x j −x j ∂ i −δ ij N denote the localization by inverting all polynomials in the x-variables. We shall also have occasion to consider modules, sheaves of modules, and schemes defined over C, and if N is such an object then N(x) denotes its base extension to the field C(x) of rational functions.
Our focus is on holonomic D-modules, which are by definition finitely generated left D-modules N such that Ext j D (N, D) = 0 whenever j = n. The holonomic modules form a full subcategory of the category of D-modules that is closed under taking extensions, submodules, and quotient modules. When N is a holonomic module, the C(x)-vector space N(x) has finite dimension, and this dimension equals the holonomic rank rank(N) by a celebrated theorem of Kashiwara, see [SST00, Thm. 1.4.19, Cor. 1.4.14]. We note that rank is hence additive in short exact sequences of holonomic modules.
We are interested in families of D-modules parameterized by a Noetherian complex algebraic variety B with structure sheaf O B . If β ∈ B we denote by p β the prime ideal The rank sheafM(x) is a sheaf of O B (x)-modules on B(x), but ignoring the process of pushingM(x) down to B we abuse notation and speak of the fiber ofM(x) over β ∈ B. Let B C ⊆ B be the C-valued closed points of B (that is, points with residue field C).
Proposition 2.3. For a holonomic familyM over a scheme B, the fiber ofM(x) over each
Proof. Tensoring with the rational functions C(x) over C[x] commutes with the passage fromM to
The next lemma says that Zariski closed subsets of the base-extended scheme B(x) descend to Zariski closed subsets of the original scheme B. We use the term prime ideal to refer to the kernel of the morphism of structure sheaves associated to any map from the spectrum of a field to B. Proof. Note first that if p ⊂ O B is prime, then the extension pO B (x) is prime. The lemma is equivalent to saying that, for every subset Y ⊆ B(x) that is Zariski closed, the set of points β ∈ B whose prime ideal sheaves p β in O B extend to prime ideals p β O B (x) ∈ Y is Zariski closed in B. This statement is local on B, so we may assume that B is affine.
Suppose that Y is the variety of a set F of global sections of O B (x). Any free C-basis for C(x) is also a free O B -basis for O B (x); choose such a basis. For each global section f ∈ F , let G f ⊆ O B be its set of nonzero coefficients in the chosen basis. Then a prime p ⊂ O B satisfies pO B (x) ∈ Y if and only if p contains the sets G f for all f ∈ F . We now come to the main result of this section. To state it, we call β ∈ B rank-jumping if (i) β ∈ B C is a C-valued point, and (ii) for all open sets U containing β, the rank of M β is strictly greater than the minimal holonomic rank attained by any fiber
Theorem 2.6. If M is a holonomic family over a scheme B, then the function β → rank(M β ) is upper semi-continuous on both B and on B C (endowed with the subspace topology). In particular, the locus of rank-jumping points β ∈ B C is closed in B C .
Proof. The function sending each point β(x) ∈ B(x) to the C(x)-dimension of the fiber M(x) ⊗ κ β(x) is upper-semicontinuous on B(x) becauseM(x) is coherent on B(x); see [Har77, III.12.7.2]. Therefore, given an integer i, the subset of points in B(x) on which this fiber dimension is at least i is Zariski closed. Lemma 2.4 shows that the corresponding subset of points in B is Zariski closed in B. Proposition 2.3, which says that the fiber dimensions over β ∈ B C are holonomic ranks, completes the proof.
Remark 2.7. Without the coherence hypothesis onM(x) over B(x), the conclusion of Theorem 2.6 can be false, even if B is of finite type over C and all of the fibers M β for β ∈ B C are holonomic. For an example, consider the setup in Example 2.2 with n = d = 1, and take M = D[b]/ b∂ − 1 . When β = b − 0 , the fiber over β is the rank 1 holonomic module corresponding to the solution x 1/β . But when β = b − 0 the fiber ofM is zero. Hence the rank actually drops on the closed subset {0} ⊂ C 1 . See Example 3.5 for further details.
Remark 2.8. Fix a holonomic familyM. The semicontinuity of holonomic rank in Theorem 2.6 suggests that a "solution sheaf" Sol (M), constructed as below, might be an algebraic coherent sheaf on B; a priori, it can only be expected to be an analytic sheaf. See Remark 9.5 for further comments on this issue, as it relates to hypergeometric systems.
For the construction, suppose there is a vector v ∈ C n such that the singular locus of M β does not contain v for any β ∈ B C (this is certainly possible locally on B). Let the point v have maximal ideal
. The D-module restriction ofM β to v is the derived tensor product over D with the right module D/ x 1 − v 1 , . . . , x n − v n D. This restriction is naturally dual to the space of formal power series solutions ofM β at v. But as v is a regular point, formal and convergent solutions ofM β are identical. Since tensor products commute in x and b, restricting the familyM gives rise to an O B -module whose fiber over each point β ∈ B C is naturally dual to the solution space ofM β . Taking duals therefore yields the analytic O B -module Sol (M).
RANK-JUMPS AS FAILURES OF FLATNESS
For applications to hypergeometric systems, we need some concrete criteria to help us apply the results of the previous section. First we characterize rank-jumps in holonomic families over reduced schemes using Koszul homology in a commutative setting (Corollary 3.3). Then we provide a criterion for a family of D-modules to satisfy the coherence property required of a holonomic family (Proposition 3.4); we will appeal to it in Section 7.
In the following statement, we use the standard notion of reduced for a scheme to mean that the coordinate rings of its affine open subschemes have no nilpotent elements. Proof. Since B is of finite type, the set B C is dense in B via the inclusion of Lemma 2.4. As B is always dense in B(x), we deduce that B C is also dense in B(x). Therefore We now turn to the coherence criterion. We refer to [Bjö79, SST00] for more information about filtrations on D-modules and their associated graded objects. On D define the order filtration by taking its k th level to be the vector space of all expressions ν p ν (x)∂ ν in which the monomials ∂ ν for ν ∈ N n have total degree |ν| ≤ k. Note that each filtration level is a finitely generated C[x]-module. The associated graded object is the commutative polynomial ring gr(D) = C[x, ξ] in the variables x = x 1 , . . . , x n and ξ = ξ 1 , . . . , ξ n .
The order filtration extends to any free module D r with a fixed basis, and to left submodules K ⊆ D r , by letting the k th level be spanned by elements whose coefficients in the given basis have total degree at most k in ∂. Given a presentation N = D r /K, the left module N has an induced filtration with associated graded module gr(N) = gr(D r )/ gr(K). This naturally graded gr(D)-module depends on the choice of presentation.
Note that since C(x) is flat over C[x], the module gr(N)(x) is isomorphic to gr(N(x)) if we extend the filtration above in the obvious way to
It is a fundamental fact of D-module theory, going back to Kashiwara, that for a holonomic D-module N, the number dim C(x) (gr(N)(x)) is independent of the presentation of N and equals the holonomic rank of N [SST00, Theorem 1.4.19 and Definition 1.4.8].
Our primary use of order filtrations will be on families of D-modules over an affine scheme B-that is, on left modules over the ring We will apply the above result when all fibers M β for β ∈ B C are holonomic D-modules to conclude that M constitutes (the global sections of) a holonomic family over B. It should be pointed out that the finiteness condition on M is necessary: even if the fibers M β are holonomic, the fiber (gr M)(x) β of the associated graded module (gr M)(x) over β ∈ B C is a C(x)-vector space whose dimension need not be equal to rank(M β ).
Example 3.5. Continue with
M = D[b]/ b∂ − 1 as in Remark 2.7. Let M(x) 0 ⊆ M(x) 1 ⊆ · · · denote the order filtration of M(x). Then M(x) 1 = M(x) locally near every parameter β ∈ C except for β = 0. At β = 0, in contrast, M(x) k /M(x) k−1 is min- imally generated by ξ k , even though rank(M 0 ) = 0. In fact, (gr M)(x) is the direct sum of the rank 1 free module C[b](x) with k≥1 C[b](x)/ b .
EULER-KOSZUL HOMOLOGY OF TORIC MODULES
In this section we introduce generalized A-hypergeometric systems in the sense indicated in the introduction. After reviewing some basic facts of GKZ hypergeometric systems, we provide foundations for Euler-Koszul homology of what we call toric Z d -graded modules. For the rest of this paper, fix a d × n integer matrix A = (a ij ) of rank d. We emphasize that we do not assume that the columns a 1 , . . . , a n of A lie in an affine hyperplane. However, we do assume that A is pointed, meaning that a 1 , . . . , a n lie in a single open half-space of R d . This guarantees that the semigroup
has no units. (Pointedness will come into play in the proof of Theorem 6.6, where it is used to ensure that local duality holds.) The semigroup ring associated to the d × n matrix A is
is the toric ideal of A. Notice that S A and R are naturally graded by Z d if we define deg(∂ j ) = −a j , the negative of the j th column of A. Our choice of signs in the Z d -grading of R is compatible with a Z d -grading on the Weyl algebra D in which deg(x j ) = a j and deg(
Definition 4.1. The A-hypergeometric GKZ system with parameter β is the left ideal
Results of [GKZ89, Ado94, Hot98, SST00] imply that the module M A β is holonomic of nonzero rank. A-hypergeometric systems constitute an important class of D-modules, playing a role similar to that of toric varieties in algebraic geometry, since they possess enough combinatorial underpinning to make calculations feasible, and enough diversity of behavior to make them interesting as a test class for conjectures and computer experimentation.
If y ∈ N α is homogeneous of degree α in a Z d -graded D-module N, write deg i (y) = α i . In particular, for any homogeneous element P ∈ D, 
This complex was used before in the special case N = S A in [GKZ89, Ado94, Ado99] in order to study the solutions to H A (β) for special parameters β. We use the script 'K' for Euler-Koszul complexes instead of the usual 'K' for ordinary Koszul complexes to emphasize that the maps in K.(E−β; N) are homomorphisms of D-modules. The action of an endomorphism in the sequence E − β on a homogeneous element depends on the degree of that element, in contrast to maps in Koszul complexes over commutative graded rings. Nonetheless, Euler-Koszul complexes behave much like ordinary Koszul complexes. To see why, let
We hence obtain the following. Since
We now specify a subcategory of the category of R-modules that is central to what follows. This subcategory will contain the semigroup ring S A as well as its monomial (that is, Z d -graded) ideals, and it will be closed under taking Z d -graded submodules, quotient modules, and extensions. In the following section we then study the Euler-Koszul homology of objects in this category and establish strong (non)vanishing conditions. 
We say that M has toric length ℓ if the minimal length of a toric filtration for M is ℓ.
Remark 4.6. Most toric modules have many different toric filtrations, and usually more than one of these has minimal length. A toric module of toric length 1 is simply a Z dgraded translate S F (−α) of S F generated in degree α ∈ Z d , for some face F of A.
Example 4.7. If N is a finitely generated Z d -graded S F -module for some face F of A, then N is toric. To see this, argue by induction on dim(N), the Artinian case dim(N) = 0 being trivial. If dim(N) > 0, then N has a submodule of the form S F ′ (−α) with F ′ ⊆ F being some face of A of dimension dim(N). If we replace N by N/S F ′ (α) then a finite number of such steps will reduce the dimension of N by at least one.
Example 4.7 implies that Z d -graded submodules, quotients, and extensions of toric modules are toric, since they have a composition chain by shifts of modules of the form S F .
If F is a face of A, then we write E F i for the Euler operator obtained by erasing all terms a ij x j ∂ j from E i such that a j ∈ F . We will now consider the actions of Euler endomorphisms E i − β i on D ⊗ R M for an S F -module M. To describe such actions, let D F and D F be the Weyl algebras on the variables {x F , ∂ F } and {x F , ∂ F } corresponding to the columns a j ∈ F and a j ∈ F , respectively. Then for each S F -module M we have
where of course both sides are zero if |ν| > 0.
Suppose that M is a Z d -graded S F -module and interpret it as a C[∂ F ]-module (rather than as a module over a quotient of R). Note that E F i induces an Euler endomorphism on 
µ F ] = 0 and therefore
. We then compute
In analogy with the construction of the A-hypergeometric system M A β from A, the faces of A give rise to holonomic D-modules, but sometimes these modules can be zero. We close this section by defining the main object of study of the remainder of the paper. 
RIGIDITY AND HOLONOMICITY OF EULER-KOSZUL HOMOLOGY
We begin our treatment of generalized hypergeometric systems by showing that they are holonomic, as are all of the higher Euler-Koszul homology modules of toric modules. Proof. Consider first the case of H 0 (E − β; M). The proof is by induction on the toric length ℓ of M. When M = S F for some face F , use Lemma 4.9. The general ℓ = 1 case follows because H 0 (E − β; S F (α)) ∼ = H 0 (E − β + α; S F )(α). For ℓ > 1, the Euler-Koszul functor applied to a toric short exact sequence M 1 ֒→ M ։ M/M 1 induces a sequence
that is exact and has holonomic modules at both ends by induction.
, so its cosetm is an element of H i (E − β; M). Since the Euler-Koszul complex is Z d -graded, we may assume that m is homogeneous of degree α ∈ Z d . Note that H i (E − β; M) is generated by finitely many suchm, since
which is a Noetherian D-module. It is hence sufficient to prove that D ·m is holonomic.
Consider the Koszul complex We now prove a rigidity property of the Euler-Koszul complex.
Proposition 5.3. For a toric R-module M and β ∈ C d the following are equivalent.
Proof. 2 ⇔ 3: The failure of the last condition in Lemma 4.9 is equivalent to the C-span of E − β containing an endomorphism whose action on D/D · I F is multiplication by a nonzero scalar. This observation, together with the isomorphism H 0 (E − β; S F (α)) ∼ = H 0 (E − β + α; S F )(α), shows that 2 ⇔ 3 when M has toric length 1. Now suppose that M has toric length ℓ > 1, and assume the result for modules of smaller toric length. For any toric filtration of M, the long exact sequence of Euler-Koszul homology for
Assuming that the former is zero, so is the latter. By induction, we find that H i (E − β; M/M 1 ) vanishes for all i ≥ 0, and hence that H i (E − β; M) ∼ = H i (E − β; M 1 ) for all i ≥ 0. The result now holds for M because it holds by induction for M 1 . 1 ⇔ 2: We need that H 0 (E − β; M) = 0 implies that its rank is nonzero. Again use induction on the toric length ℓ. For ℓ = 1 this is Lemma 4.9 plus the isomorphism H 0 (E − β; S F (α)) ∼ = H 0 (E − β + α; S F )(α), so assume ℓ > 1. Make again the observation that H 0 (E − β; M) surjects onto H 0 (E − β; M/M 1 ). If this latter module is nonzero, then it has nonzero rank by the ℓ = 1 case, so H 0 (E − β; M) has nonzero rank, too. Hence we assume that H 0 (E − β; M/M 1 ) = 0. Now, using the equivalence 2 ⇔ 3, we find that H 0 (E − β; M) ∼ = H 0 (E − β; M 1 ), so again we are done by induction.
2 ⇔ 4: For the semigroup ring S F of a face,
by definition of the endomorphisms E i − β i . This proves 2 ⇔ 4 when M has toric length 1. To treat modules of toric length ℓ > 1, consider a toric sequence
This condition is equivalent by induction on ℓ to
Now H 0 (E − β; M) always surjects onto H 0 (E − β; M/M 1 ), and if H 0 (E − β; M/M 1 ) vanishes then by the equivalence 2 ⇔ 3, H 0 (E − β; M 1 ) ∼ = H 0 (E − β; M). Therefore, this last displayed condition is equivalent to H 0 (E − β; M) = 0.
EULER-KOSZUL HOMOLOGY DETECTS LOCAL COHOMOLOGY
In this section we describe the set of parameters β ∈ C d for which the Euler-Koszul complex K.(E − β; N) has nonzero higher homology. Namely, we identify this set with the quasi-degrees of the local cohomology of the toric module N. Our proof of this result in Theorem 6.6 uses a spectral sequence, constructed in Theorem 6.3, that arises from the holonomic duality functor. For background on holonomic duality we refer to [Bjö79] .
Duality D for (complexes of) D-modules is the combination of the derived functor RHom D ( , D) of homomorphisms to D followed by the involution τ taking
Hence, in order to compute the dual D(N) of the module N placed in homological degree zero, let F. be a D-free resolution of N and apply τ to Hom D (F., D). Holonomicity of N is equivalent to D(N) being exact in all cohomological degrees but n. If N is a module in homological degree k, then the cohomology H i D(N) is nonzero only for i = k + n. Therefore D constitutes an exact functor from the category of complexes of D-modules with holonomic homology to itself, and D(D(N)) = N for all N.
The rank of a holonomic module N equals that of its dual: rank(N) = rank (D(N) ).
To be more precise, locally near a nonsingular point of the complex analytic manifold C Definition 6.2. Let ε A be the sum n j=1 a j of the columns of A. Using our convention that deg(∂ j ) = −a j , the canonical module of R is ω R = R(ε A ). 
Theorem 6.3. If M is a toric R-module, then there is a spectral sequence
We consider the spectral sequences associated to this double complex. Taking first the horizontal and then the vertical cohomology of the double complex, we obtain
We now determine the abutment by reversing the order of taking horizontal and vertical cohomology. 
supported at m are Z d -graded. We refer to [MS04] for details on the Z d -graded aspects of local cohomology. By [BH93, Section 3.5] there is a natural vector space isomorphism Mil02] ). 
In view of Lemma 7.2, to prove holonomicity for the family H 0 (E − b; M) determined by a toric R-module M we need to establish the coherence condition in Definition 2.1. For this, we shall use the criterion in Proposition 3.4. But before we can do so, we need to know that Euler operators form sequences of parameters on the quotients of polynomial rings by certain initial ideals of toric ideals. We will get a handle on these initial ideals via their minimal primes. For notation, consider the polynomial ring C[ξ](x) with its usual Z-grading, so that each variable in the list ξ = ξ 1 , . . . , ξ n has degree 1. By a minimal prime of a C[ξ](x)-module N, we mean a prime minimal among all of those containing the annihilator of N. We now return to the order filtration on the Weyl algebra D, and the associated graded ring C[x, ξ] (see Section 3). This filtration, when restricted to the subring R of D, gives an associated graded ring C[ξ]. It induces on R the partial ordering by total degree in which the initial form of a polynomial f ∈ R is the sum in(f ) ∈ C[ξ] of all terms of highest total degree, with the variables ∂ i changed to ξ i . The initial ideal of any ideal J ⊆ R is the ideal in(J) = in(f ) | f ∈ J generated by the initial forms of all polynomials in J.
In the coming statement, we consider the ideal
Proof. This statement immediately reduces to the case where I F = I A , after first replacing C[ξ](x) with C[ξ j | a j ∈ F ](x j | a j ∈ F ), and then using any matrix A ′ F composed of dim(F ) many linearly independent rows of F to play the role of A. We wish to apply Lemma 7.3, so we need to describe the minimal primes of C[ξ]/ in(I A ).
Define the (d + 1) × (n + 1) matrixÂ by placing a row (1, . . . , 1) across the top of A, and subsequently adding a leftmost column (1, 0, 0 
ISOMORPHISM OF THE TWO HOMOLOGY THEORIES
Let B be a reduced parameter scheme and suppose β ∈ B C is determined by a regular sequence y in Γ(O B , B) . In Corollary 3.3 we found that the commutative Koszul complex K.(y, M(x)) detects rank-jumps in holonomic families M of D-modules at β. In the special case of generalized hypergeometric systems associated to toric modules, where in particular B = C d , we also found in Theorem 6.6 that the noncommutative Euler-Koszul complex K.(E − β; M) detects the quasi-degrees where local cohomology of the toric Rmodule M is non-vanishing in cohomological degree less than d. In this section we prove that if M = H 0 (E−b; M) is defined through the toric module M then these two complexes are isomorphic in the derived category, and in particular have the same homology. 
